DEPTH AND STANLEY DEPTH OF MULTIGRADED MODULES 



ASIA RAUF 

Abstract. We study the behavior of depth and Stanley depth along short exact se- 
quences of multigraded modules and under reduction modulo an element. 



Introduction 

Let K he a field and S = K[xi, . . . ,Xn] a polynomial ring in n variables over K. Let 
M be a finitely generated multigraded (i.e. Z^-graded) S'-module. Let m € M be a 
homogeneous element in M and Z C {xi, . . . We denote by mK[Z] the iT-subspace 

of M generated by all elements mv, where v is a monomial in K[Z]. The multigraded 
-fC-subspace mK[Z] C M is called Stanley space of dimension \Z\, if mK[Z] is a free K[Z]- 
module. A Stanley decomposition of M is a presentation of the K-vectoic space M as a 
finite direct sum of Stanley spaces V : M = ©[=i ?7ijEr[Zj]. Set sdepthD = min{|Zj| : 
i = 1, . . . , r}. The number 

sdepth(M) := max{sdepth(I?) : D is a Stanley decomposition of M} 

is called Stanley depth of M. In 1982, Richard P. Stanley [HI Conjecture 5.1] conjectured 
that sdepth(M) > depth(M) for all finitely generated Z"-graded ^-modules M. The 
conjecture is discussed in some special cases in [7], p], [9], [T3], [T], [T2] [Ij, [5]. 

If M is a finitely generated module over a Noetherian local ring (R, m) and x £ m then 
it is well-known that dim M/xM > dimM — 1. Our Proposition 11.21 and Lemma [1.71 show 
that the above inequality is preserved for depth and sdepth when M = S/I and / C 5" is 
a monomial ideal and x = Xk for any /c G [n]. If M is a general multigraded 5-module, 
then we might have depth M/x^M < depth M — 1 as shows Example 11.51 Also we might 
have sdepth M/xfcM < sdepth M — 1 even if x^ is regular on M, as shows Example 11.81 

As we know depth decreases by one if we reduce modulo a regular element. In jl3[ 
Theorem 1.1], it is proved that the corresponding statement holds for the Stanley depth 
in the case of M = S/I where / C S is a monomial ideal and / a monomial in S which is 
regular on M. The next question arises whether this is true for any multigraded module? 
The answer is no, see Example 11.81 Let 

F : = Mo C Ml C . . . C Mr = M 

be a chain of Z^-graded submodules of M. Then T is called a prime filtration of M 
if Mi/Mi-i = [S/ Pi){—ai) where Oj G and Pi is a monomial prime ideal for all 
i. We denote Supp.F = {Pi, ... ^P^}. A finitely generated module M is called almost 
clean if there exists a prime filtration T oi M such that Supp(.F) = Ass(M). We 
show in Lemma 11.91 that for almost clean module M and x^ £ S being regular on M, 
we have sdepth M/x^M > sdepth M — 1. However, we show in Proposition 11.10] that 
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sdepth M/xfcM < sdepthM — 1, if is regular on M. As an application we get that 
Stanley's conjecture holds for M if it holds for the module M/x^M (see Corollary II. lip . 
Moreover if M has a maximal regular sequence given by monomials then Stanley's con- 
jecture holds for M (see Corollary II. 13p . 

Given a short exact sequence of finitely generated multigraded S*- modules, then the 
Stanley depth of the middle one is greater than or equal to the minimum of Stanley 
depths of the ends (see Lemma 12. 2p . Several examples show that the " Depth lemma" is 
mainly wrong in the frame of sdepth (see Examples 12.51 and 12. 6p . However, we prove in 
Lemma 12.71 that if / is any monomial complete intersection of 5, then sdepth I is greater 
than or equal to sdepth S"// + 1. But in general for any monomial ideal this inequality is 
still an open question. 

In the last section, we prove that if / C = K[xi, . . . , Xn], J C S2 = K[yi, . . . , Um] are 
monomial ideals and S = K[xi, . . . ,Xn,yi, ■ ■ ■ , Vm], then the Stanley depth of the tensor 
product of Si/ 1 and S2/J (over K) is greater than or equal to the sum of sdepth Si/I 
and sdepth 52//. This inequality could be strict as shows Example 13.21 

I am grateful to Professor Jiirgen Herzog for useful discussions and comments during 
the preparation of the paper. 

1. The behavior of depth and sdepth under reduction modulo element 

In dimension theory it is well known the following result (see e.g. [31 Proposition A. 4], 
or P Corollary 10.9]) 

Theorem 1.1. // (R, m) is a Noetherian local ring and M is finitely generated R-module, 
then for any x € m we have 

dim M/xM > dimM - 1. 

If we consider reduction by a regular element, then the depth decreases by one. But 
what happens if we take reduction by a non-regular element? 

Proposition 1.2. Let S = K[xi, . . . ,Xn] be a polynomial ring over a field K , I C S a 
monomial ideal and R = S/I . Then 

(1) depth(i?/2;„i?) > depth(i?) - 1. 

Proof. Let R = R/xnR ^ S/{I,Xn). We denote S = K[xi, . . . , Xji—i] and let x' — 

Let (f be the canonical map from R to R and a be the composite map 

S — > S — > R = S/I, 

where the first map is the canonical embedding and the second map is the canonical 
surjection. It is clear that ker(a) = I D S. Let qi be the composite map 

S — >S — >R = S/I — > S/{I, Xn). 

It is clear that ai is surjective. We claim that ker(ai) = loS. One inclusion is obvious. To 
prove other inclusion, we consider a monomial v G ker(ai), that is, v G (/, Since v £ S 
and / is a monomial ideal, it follows that v £ I. Let ker(ai) = I then S /I S/{I, It 
follows that the composition R ^ R ^ R of the natural maps is the identity. Therefore, 
the S-module ^ is a direct summand of the /S-module R. This implies that the ^-module 
Hi{x'; R) is a direct summand of Hi(x'; R) for all i, where Hi{x'; R) and Hi{x'; R) are the 
i-th Koszul homology modules of x' with respect to R and R respectively. In particular, 
if Hi{x'\R) / 0, then Hi{x';R) / 0. Let k = max{i | Hi{x' : R) / 0}. Then depth^ = 
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n - 1 - /c, by [31 Theorem 1.6.17]. Since Hk{x'; R) ^ 0, it follows that Hk{x'; R) ^ which 
implies that Hk{x\R) 7^ by [31 Lemma 1.6.18]. Therefore applying again [S', Theorem 
1.6.17] it follows that depth i? <n-k = depth ^ + 1. □ 

Corollary 1.3. Let I C S be a monomial ideal. Then depth £'/(/ : u) > depth S"// for all 
monomials u ^ I. 

Proof. Since (/ : uv) = ((/ : u) : v), where / is a monomial ideal and u and v are 
monomials, we may reduce to the case u = Xn, and apply recurrence. Then we have the 
exact sequence 

S/{I : Xn) S/I S/{I, Xn) 0. 

By Depth Lemma [15^ Lemma 1.3.9] and Proposition 11.21 we obtain the required result. 

□ 

This Corollary does not hold (and so Proposition II. 2p if u is not a monomial, as we 
have the following example: 

Example 1.4. Let S = K[x, y, z, t] and / = {x, y) n {y, z) n (z, t) and u = y + z. Then 
J ■= (I :u) = {x,y) n {z,t) and depth 5/ J = 1 < 2 = depths'//. 

The Proposition 1 1 . 21 is not true in general. If M is a finitely generated graded i?-module 
and X € Ri then we might have 

depth(Af/xM) < depth(M) - 1, 

as shows the following example: 

Example 1.5. Let S = K[x,y, z,t], M = {x,y, z)/{xt). We have depthM = 2 and 
M/xM = {x, y, z)/{x'^,xy, xz, xt). Since the maximal ideal is an associated prime ideal of 
M/xM, we get depth M/xM = 0. Hence depth(M/2;M) < depth(M) - 1. 

In Proposition 1 1 . 21 we might have 

depth{R/xnR) > depth{R) - 1, 
as shows the following example: 

Example 1.6. Let / = {x1,xiX2, • • • , xiXn) C S = K[ monomial ideal of S 

and R = S/I. Then depth(i?) = since the maximal ideal {xi, X2, ■ ■ ■ , Xn) € Ass(i?). Since 
R/xiR = S/ {xi) ~ K[x2, . . . , Xn], we get depth(i2/xii?) = n — 1. Hence depth(i?/xii?) > 
depth(i?) - 1. 

For the sdepth we have a statement similar to that of Proposition 11.21 Indeed in the 
proof of [131 Lemma 1.2] where it was shown that sdepth S/{I, Xn) = sdepth S/I — 1 if 
is regular on S/I, we actually showed the following (without any assumption on x„): 

Lemma 1.7. Let S = K\ xi, . . . , Xn\ be a polynomial ring over the field K . Let I (Z S be 
any monomial ideal. Then 

sdepth(S/(/,x„)) > sdepth(S//) - 1. 

This lemma can not be extended to general multigraded modules M as shows the 
following example, where the variable is even regular on M. 

Example 1.8. Let M = {x,y,z) be an ideal of = K[x,y,z]. Consider a Stanley 
decomposition M = zK[x,z] © xK[x,y] © yK[y,z] © xyzK[x,y, z]. Since sdepthM < 
dimS = 3 and M is not a principle ideal, it follows sdepthM = 2. Note that x induces a 
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non-zero element in the socle of M/xM which cannot be contained in any Stanley space 
of dimension greater or equal with one. Hence sdepth M/xM = 0. Thus sdepth M/xM < 
sdepthM - 1. 

However for the special case when M is almost clean (see [9]), that is there exists a 
prime filtration ^ of M such that Supp(^) = Ass(M), we have the following: 

Lemma 1.9. Let M be a finitely generated multigraded S-module. If M is almost clean 
and Xk S is regular on M , then 

sdepth M/xfcM > sdepthM - 1. 

Proof. Suppose that is given by 

= Mo C Ml C . . . C Mr = M 

with Mi/Mi^i = S/Pi{—ai) for some Oj € N" and some monomial prime ideals Pi. Since 
AssM = . . . ,Pr} and Xk is regular on M, we get Xk Pi and so Xk is regular on 
Mi/Mi_i. Set Mi =_Mi/xkMi. Then Mj C Mi+i and {Mj} define a filtration of 
M = Mr with Mi/Mi_i = S/{Pi,Xk)i-ai). Thus sdepthM > mini dim S/ (Pi, Xk) = 
sdepthM - 1 (see Corollary E^D • □ 

The above Example 1 1 . 8 1 hint s that if x is a regular element on M, then sdepth M/xM < 
sdepthM — 1. This is the subject of our next proposition. 

Proposition 1.10. Let M be finitely generated TT^-graded S-module and let Xk be regular 
on M. If Vi : M/xkM = @\^i'rniK[Zi\, is a Stanley decomposition of MjxkM, where 
nii ^ M is homogeneous and rfii = rui + XkM. Then 

r 

(2) M = ^miK[Zi,Xk] 

i=l 

is a Stanley decomposition of M. In particular 

sdepth M/xfcM < sdepthM - 1. 

Proof. Let N = Yli=in^iK[Zi, Xk]. Then N C M. Since Vi is a Stanley decomposition 
of M/xkM it follows that ij{N) = M/xkM where ip : M ^ M/xkM is the canonical 
epimorphism. This implies that M = XkM + as Z"-graded K vector spaces. We 
show that M = N. First we observe that M = xfM + N for all d. This follows by 
induction on d, because if we have M = xf"^M + N, then M = x'lr\xkM + N) + N = 
x'lM + x'l^^N + N = x^M + N since x'l'^N C N. This completes the induction. Since M 
is finitely generated there exists an integer c such that deg^^ (m) > c for all homogeneous 
elements m G M. Now let m E M be a homogeneous element with deg^.^ (m) = a and let 
d > a — c be an integer. Since M = x^M + A, there exist homogeneous elements v ^ M 
and w G N such that m = xfv + w, where a = deg^.^ v -\- d = deg^^ w. It follows that 
degj,^ V = a — d < c, a contradiction. It implies that v = 0, hence m = w ^ N . 
Now we show that the sum X][=i '^iKl^i^^k] is direct, that is 

r 

miK[Zi,Xk] n'^mjK[Zj,Xk] = (0). 

Let u = miQi = ^jQj S M be homogeneous for some qj monomials in K[Zj,Xk] 

such that deg(ti) = deg{mjqj) for all j. Let p be the biggest power of Xk dividing Qi. If 
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p = 0, then we have u = rriiqi 7^ in M/xkM since miK[Zi] is a Stanley space. It follows 
that u S rniK[Zi] n X]j=i rnjK[Zj], a contradiction. In the case of p > 0, then in M/x^M 

we get n = = ^j=i "rnjQj- It follows that (J^- = 0, since Vi is a Stanley decomposition of 

M/xkM. Thus qj = XkQj for some q', S and we get Xk{miq'- — X]i=i ^jQj) = 0) 

which implies rniq'- — Y^^j=i f^jl'j = since is regular on M. Applying the same argument 

by recurrence we get qj = x^Sj for some Sj G K[Zj,Xk], and mjSj = X]j=i rrijSj. We set 

u = mjSj. Since 7^ 0, we get -u 7^ because miK[Zi] is a Stanley space. On the other 
hand v G miK[Zi] fl X]'!=i ''^j^i^j]- implies that v = 0, a contradiction. 

Finally we show that each miK[Zi,Xk] is a Stanley space. Indeed, suppose that niif = 
for some / E K[Zi, x^] where / = Yl'j=o fj^k such that Xk does not divide fj for all j then 
Sj=o"^«/i^i ~ implies that mj/o = in M/x^M. We get fo = since rnj/'r[Zj] is a 
Stanley space. It follows that / = Xkg where g = Yl'j=i fj^lT^ from x^mig = rriif = 
we get rriig = 0, x/. being regular on M. Then induction on the degree of / concludes the 
proof since deg^^ g < deg^^ /. □ 

Corollary 1.11. If Stanley's conjecture holds for the module M/xiM , where x^ ^ S is 
regular on M , then it also holds for M. 

Corollary 1.12. The equality holds in Lemma \1.1\ if Xn is regular on S/I. 

The proof follows from Lemma 11.71 and Proposition II.IOI for M = S/I. 

Corollary 1.13. let depthM = t. If there exists u = ui, . . . ,ut € Mon{S) such that u 
is regular sequence on M then Stanley's conjecture holds for M . 

Proof. For any regular sequence u = ui, . . . ,ut € Mon{S) we may choose u such that 
Ui = Xi. for all 1 < z < t, where Xi. € supp(tti), since for any monomial Ui £ S being 
regular on M implies that each Xi- G supp(ui) is regular on M, because if Xi- belong to 
the set of zero divisors of M then Xi^ G P for some P € Ass(M), so Uj G P, which is 
not true as Ui is regular on M. Since u is a maximal regular sequence on M, we have 
depth M/(ui, . . . ,ut)M = 0. Applying Proposition II . 101 bv recurrence we get sdepthM > 
sdepthM/(ni, . . . ,nt)M + t > t = depthM. Hence Stanley's conjecture holds for M. 

□ 

Example 1.14. Let S = K[x,y,z,t] and M = {x,y, z)/{xy). Since depthM = 2 and 
{z, t} is a Af-regular sequence, we may apply Corollarv ll.l3l to see that Stanley's conjecture 
holds for M. 

Theorem 1.15. Let M be a finitely generated multigraded S-module. If M is almost clean 
and Xk S is regular on M , then 

sdepth M/xfcM = sdepthM - 1. 

The proof follows from Lemma 11.91 and Proposition 11.101 

Theorem 1.16. Let M he a finitely generated multigraded S-module. If M is almost clean 
and u £ S is a monomial, which is regular on M , then sdepth M/nM > sdepthM — 1. 

Proof. Let u = x'^^ . . . Since u is regular on M, it follows that each Xj^. G supp(ti) is 
regular on M, where we denote by supp(ti) the set of all variables xj such that Xj divides 
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the monomial u. We consider an ascending chain of submodules of M between uM and 
M where two successive members of the chain are of the form 

rp^^ . . . rJ>k . . . rJ>t Ji/f f- . . . ^bfe"! . . . J>t Jl/f 

and where bi < ai for ah i = 1, . . . , t. 
We obtain 

since each € supp('u) is regular on M. Therefore Lemma 11.91 and Corollary 12.31 imply 
that 

sdepth(M/uM) > sdepth(M/xi^^M) = sdepthM - 1. 

□ 

2. The behavior of sdepth on short exact sequence of multigraded modules 

The following "Depth Lemma" is well-known. 
Lemma 2.1. [15, Lemma 1.3.9] // 

is a short exact sequence of modules over a local ring R, then 

(a) // depth M < depth iV, then depth f7 = depth M. 

(b) // depth M > depth iV, then depth [/ = depth iV + 1. 

We will show that most of the statements of the " Depth Lemma" are wrong if we replace 
depth by sdepth. We first observe 



Lemma 2.2. Let 



O^U ^ M N ^0 



be an exact sequence of finitely generated -graded S -modules. Then 

sdepth M > minjsdepth U, sdepth N} 

Proof. Let T> : U = UiK[Zi] be a Stanley decomposition of U with sdepth(2?) = 

sdepth U and let V : N = ©^=i njK[Zj] be a Stanley decomposition of N with sdepth(2?') 
= sdepth A^. Since / is injective map, we may suppose that / is an inclusion. Let n'j G M 
be a Z" homogeneous element such that g{n'j) = Uj. Clearly, M = Yl\=i'^i^{^i] + 
Yfj=ir^'jK[Z'j\. We prove that the sum + Ej=i"i^[^j] is direct. Set 

V = ^'^'I^j]- Since the exact sequence splits as linear spaces we see that Ur\V = {0}. 
Clearly T) is already a Stanley decomposition of U and remains to show only that if 
y G n'.K[Z'A n ^'^=1 then y = 0. As g{y) G njK[Z'A n ^l=i nkK[Z'j^] = {0}, we 

see that y G t/, that is y G C/ n F = {0}. □ 
Corollary 2.3. Let 

(0) = Mo C Ml C . . . C Mr-i CMr = M 
be an ascending chain of Z" -graded submodules of M . Then 
(3) sdepthM > min{sdepth Mj/Mi_i : f G {1, . . . ,r}} 

for all i £ [r] . 



Proof. We consider the exact sequence of Z"-graded submodules of M such that 

^ Mi_i ^ Mi ^ Mi/Mi_i ^ 0. 

By Lemma [2^ we get sdepthMj > min{sdepthMj_i,sdepthMj/Mj_i}. We apply induc- 
tion to prove the inequahty ([3|). For i = 1 this holds clearly. We suppose is true for 
i = t then we have 

sdepthMt > min{sdepthMi/Mi_i : i G {1, . . .,t}}. 

Let i = t + 1 then we have sdepthMf+i > minjsdepthMi, sdepthMf+i/Mt}, which is 
enough. □ 

The analogue of Lemma 12.1( a) only holds under an additional assumption. 

Corollary 2.4. In the hypothesis of Lemma \2. B suppose that sdepthM < sdepthA^. Then 
sdepthM > sdepthC/. 

Proof. If sdepthM < sdepthC/, we get sdepthM < minjsdepth {/, sdepth A^} contradict- 
ing Lemma 12.21 □ 

The analogue of 12.1^ 6) is wrong. 

Example 2.5. Let S = K[x,y,z], M = {x,y,z). In the exact sequence ^ M — > S" — > 
K ^0,we have sdepthC = 3 > sdepthi^ = but sdepthM = 2 / sdepthif 1. 

Note that the case treated in Proposition 11.101 that is the short exact sequence — > 
M M — > M/xfcM 0, and Lemma 12.71 apparentlv hints that some analogue of (b) 
from "Depth Lemma" in the frame of sdepth might be true. Unfortunately, this is not the 
case as shows the following: 

Example 2.6. We have a resolution Q^m ^ — > m ^ 0, where S = K[x, y, z] and 
m = {x,y,z). Then O^m is not free because otherwise projdim_5m should be 1, which is 
not true. If sdepth O^m = 3 then follows i7^m free by the elementary Lemma 12.91 Thus 
sdepth < 2 = sdepth m. 

However it remains still the problem in general that if for an exact sequence — > C/ — > 
M ^ N ^ 0, sdepth Af > sdepth implies sdepthC/ > sdepth -|- 1. In general this is 
false (see Example 12. 6p but we prove this result in a special case. 

Lemma 2.7. If I C S = K[ monomial complete intersection, then sdepth/ 

> sdepth S'/J-Fl. 

Proof. Let {vi , . . . , t;^} be the regular sequence of monomials generating /. Since sdepth S/ 1 
= n — m, by applying [131 Theorem 1.1] recursively, and sdepth / > n — m -|- 1, by [7], or 
[9l Proposition 3.4], it follows the desired result. □ 

In general for any monomial ideal the inequality in above lemma is still an open question. 
This inequality motivates that sdepth / > sdepth J/I + 1 for any two monomial ideals 
I C J C S. But this inequality does not hold as shows the following example: 

Example 2.8. Let S = K[x,y], I = J = I + (x^). Then we have sdepth J// = 

1 = sdepth / = sdepth J. 

Lemma 2.9. // M is multigraded S -module, S = K[xi, . . . , Xn] with sdepthM = n then 
M is free. 

Proof. If sdepth M = n, then we have a Stanley decomposition of the form M = (BiUiS 
and UiS are free S'-modules. The direct sum is of linear spaces but it turns out to be of 
free S'-modules. □ 
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3. The behavior of sdepth on algebra tensor product 

Theorem 3.1. Let I d Si = K\xi^ . . . , Xn], J C 5*2 = K[yi, . . . , Um] be monomial ideals 
and S = K[xi, . . . , x„, yi, . . . , y^n ] . Then sdepth Si/ 1 + sdepth S2/J < sdepth S/{IS, JS). 

Proof. Let 

r 

Vi : Si/I = ^UiK[Zi] 

i=l 

be a Stanley decomposition of Si/ 1 such that sdepth I>i = sdepth ^i// and 

s 

V2: S2/J = ^VjK[Wj\ 

be a Stanley decomposition of S2/J such that sdepth X>2 = sdepth J. Then we have 

S/IS = Si[yi,...,ym\/IS 
= {Si/I)[yi,---,ym] 

r 

= ^UiK[Zi][yi,...,yjn] 

i=l 
r 

= ^UiK[Zi,yi,...,ym] 

i=l 

and 

S/JS = S2[xi,. . . ,Xn]/JS 

= {S2/J)[xi,...,Xn] 
s 

= ^VjK[Wj][xi,...,Xn] 

s 

= ^VjK[Wj,Xi,...,Xn\. 

We claim that 

S/ilS, JS) = UiVjK[Zi, Wj]. 

i,j 

Let w € {IS,JSY = S/{IS,JS) be a monomial; that is, w e S and w {IS,JS). We 
have w IS and w JS. It follows that w € (-^•S')'^' and w G { JSy. Hence there exist 
i and j such that w G UiK[Zi, yi, . . . , y^] and w G VjK[Wj,xi, . . . , .t„]. So we have t/; G 
UiK[Zi, yi, . . . , yrn] n VjK[Wj,xi, ...,Xn\ and Ujif [^j, yi, . . . , ym] n t;ji^'[I'V"j, xi, . . . , a;„] = 
UiVjK[Zi, Wj], since G Si and i;^ G 52. 

In order to prove the opposite inclusion, consider a monomial v G UiVjK[Zi, Wj]. Then 
V G 'Uiii:[Zi,yi,...,y„] C (15)'= and similarly v G (J5)^ Thus v G {IS,JSy. So 
5/(75, J5) = Eij Wj]. 

Now we prove that this sum is direct. Let fi, ^2 G [?"] and ji, j2 G [s] be such that 
ikji) + (i2,j2), let us say n 7^ ^2. Then Ui^Vj^K\Zi^,Wj^ <r\ Ui^Vj^K\Zi^,Wj^ C 
Uij^K[Zij^,yi, . . . ,ym] r\ Ui.^K[Zi^,yi, . . . ,y^ = {0}, which shows our claim. It follows 
that sdepth 5i// + sdepth 52/ J < sdepth 5/(75, J5). □ 
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The following example shows that the inequality in the above theorem can be strict. 

Example 3.2. Let S = K[xi,X2,X3,X4,X5,xq,xt,xs] be a polynomial ring over the field 
K. Let / = {xiX3, xiX/i, X2X3, X2X4) C Si = Er[xi, X2, X3, X4] be the ideal of the polynomial 
ring and J = {x5Xj,x^xs,xqXt,xqXs) C S2 = K[x5, xq, xj, xg] be the ideal of the 
polynomial ring 82- Consider the ideal {IS, JS) C S, then a Stanley decomposition V of 
S/{IS, JS) is 

V : S/ {IS, JS) = K[xi,X2,X5] © X3K[x3,X5,Xg] © X4K[X4, X5,Xq] © XqK[xi, X2, Xq] © 
X7K[xi,X2,Xr]®XsK[xi,X2,Xs]®X3X4K[x3, X4, X5]®X3X7K[X3, Xj, X8]<3)X3XsK[x3, X4, Xg]® 
X4XjK[x3, X4, X7] © X4XsK[x4, Xj, Xq] © X^XqKIxi, X5, Xq] © XfXsK[xi,X7, Xs] 
© X2X5XeK[xi,X2, X5, Xe] © X3X4XeK[x3,X4,X5, Xe] © X2X7XsK[xi,X2,XT, Xs] 

Q)X3X4XiXsK[x3,X4,xi,X8], hencc sdepth 2? = 3. Note that sdepthSi/J = 1 with a Stanley 
decomposition Si/ 1 = K[xi,X2] © x^Klx^] © x^Klx^, X4]. We observe that sdepthS"!// 
can not be greater than one. Similarly we have sdepthS'2/J = 1. Hence we obtain that 
sdepthSi// + sdepth^s/J < sdepthS/(/5, JS). 

The following corollary is a particular case of [13\ Theorem 1.1]. 

Corollary 3.3. Let I C S be a monomial ideal and u & S is a monomial, which is regular 
on S/I. Then sdepth £'/(/, n) > sdepth5// — 1. 

Proof. Renumbering Xj E supp(nj) for all Uj G G{I), we may suppose that / is generated 
by a monomial ideal J C Si = K[xi, . . . , Xr] and u & S2 = . . . , x„] for some 

1 < r < n. Then sdepth £'/(/, u) > sdepth^i/J + sdepthS'2/('u), by Theorem 13.11 Since 
sdepth (ti) = n — r — 1 and sdepth5// = sdepthS'i/J + n — r, by [iSj Lemma 1.2], it 
follows that sdepth5/(/, u) > sdepthS*// — 1. □ 

In the analogue of Theorem 13.11 for depth we have equality, that is 
depth S'/(/5',J5) = depth S"! // + depth S'2/ J (see [El Theorem 2.2.21]). We note that if 
Stanley's conjecture hold for the modules Si /I and S2/J it holds also for S/{IS, JS). 
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